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Abstract
A hypoplastic constitutive model is implemented in a Smoothed Particle Hydrodynamics (SPH) code for
the first time. An improved wall boundary treatment is presented for better performance. The proposed
approach is first validated by comparing the numerical results with the analytical solutions for oedometer
test. Two more problems involving large deformation, i.e. the collapse of sand between two parallel plates
and the failure of a homogeneous slope, are analyzed to demonstrate the performance of the proposed
method.
Keywords: Smoothed particle hydrodynamics, Large deformation, Hypoplastic constitutive model,
Boundary conditions, Slope failure
1. Introduction
The simulation of problems involving large deformations and moving boundary conditions in geotechnical
engineering has attracted much attention in recent years. The finite element method (FEM) is the most
widely used numerical tool in computational geomechanics. However, the conventional FEM often gives rise
to severe mesh distortion for problems with large deformation. Alternative approaches based on the FEM,
such as Updated Lagrangian (UL) [1] and Arbitrary Eulerian-Lagrangian (AEL) [2, 3] have been developed,
where re-meshing is usually required. The re-meshing, however, is not only difficult to implement in three
dimensional simulations with complex and moving boundary conditions, but also introduces numerical errors
due to the imperative interpolations between old and new meshes [3].
In the last two decades, numerous mesh-free methods have been proposed, which need no mesh in
computation thus bear advantages compared to the traditional FEM in applications such as crack simulation
[4, 5], shear band [6] and large deformation analysis [7]. Among them, the Smoothed Particle Hydrodynamics
(SPH) is a well-established method and has a long application history in astrophysics [8, 9] and computational
fluid dynamics (CFD) [10, 11, 12]. SPH is a pure Lagrangian method, where the material is described by a
set of particles carrying field variables (e.g. position, mass, density, velocity, stress and strain) and moving
with the material velocity. Because there is no mesh, through an updated Lagrangian scheme, SPH can
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handle large deformation and complex material interface naturally. Besides applications in astrophysics and
CFD, SPH has also been applied to solid problems such as dynamic response [13], impact [14] and explosion
simulations [15].
In order to apply SPH to geomechanics problems, an appropriate constitutive model for the mechanical
behavior of geomaterials is needed. In the conventional SPH, the pressure (stress) is computed form the
density variation using an equation of state [10]. Although this treatment yields satisfactory results for fluid,
it is obviously oversimplified for geomaterials. Some simplified models such as depth integration method [16]
and Bingham fluid model [17] have been employed to simulate geophysical flows like lava and debris flow.
However, these simplified models are still largely based on the approach of fluid mechanics. Bui and his co-
workers implemented an elastoplastic constitutive model for soil with Drucker-Prager yield function within
the framework of SPH [18, 19, 20]. Chen and Qiu [21] analyzed the collapse of a column of cohesionless
granular material with a SPH code. Recently, SPH has been employed to simulate the interactions between
soil and structures by Wang and Chan [22]. The constitutive models for soils in SPH give rise to more
realistic and accurate simulation results for geomechanical problems [18].
In soil mechanics constitutive models are usually based on the decomposition of strain into elastic part
and plastic part. On the other hand, hypoplastic constitutive models have been developed [23, 24, 25].
In the hypoplastic models, the stress rates are a non-linear function of strain rates. Unlike elastoplastic
models, the hypoplastic models are formulated without recourse to such concepts as strain decomposition,
yield surface, plastic potential or flow rule. Some of these concepts turn out as natural outcomes of the
model [26], indicating that these well established concepts in soil mechanics can be unified in hypoplasticity.
The formulations of most hypoplastic models are quite simple, and usually have fewer parameters. Despite
the simplicity, however, hypoplastic models are capable of capturing some salient behaviors of soils [27].
Hypoplasticity is well established for both sand [27, 28] and clay [29], and has been applied to boundary
value problems [30, 31, 32, 33]. Furthermore, hypoplastic constitutive equations are usually in rate form,
which is a desirable feature for the implementation in SPH.
In this paper, a hypoplastic constitutive model presented by Wang [34] is employed in the SPH to
simulate large deformation problems. Following the framework by Bui et al [18], the strain rate is evaluated
from the velocity field. The stress rate is computed directly using the hypoplastic constitutive model.
Some issues of the numerical implementation such as artificial viscosity, boundary condition and explicit
integration scheme are discussed, and an improved treatment for the wall boundary is presented to prevent
particles from penetrating into the boundary. The proposed SPH approach is first validated by simulating
an oedometer test, where the numerical results are compared with the analytical solutions. Then two more
numerical examples involving large deformations, namely, the collapse of sand between two parallel plates
and the failure of a homogeneous slope, are analyzed.
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2. SPH formulations
In the SPH, the problem domain is represented by a set of particles which carry field variables and
move with the material body. Therefore, physical problems can be solved by tracking the movements of the
particles and the changes of the carried field variables.
2.1. SPH integral interpolation
The approximation of physical variables in SPH is based on integral interpolation, by which, a field
function f(x) at position x = (x, y, z) is approximated by
< f(x) >=
∫
Ω
f(x′)W (x− x′, h)dΩ (1)
where the integral is over domain Ω surrounding position x, and dΩ is the element of volume represented by
x′. W is a weighting function called kernel function, and h is the smoothing length, which determines the
size of the support domain of the kernel function W . An applicable kernel function should satisfy several
requirements, such as the normalization condition, the delta function property condition and the compact
support condition [35]. Following these requirements, a number of kernel functions have been proposed and
applied in SPH, among them the cubic spine function is probably the most popular one. In this work the
cubic spine function is applied, with the following form
W = αC


1− 1.5q2 + 0.75q3 0 ≤ q < 1
0.25(2− q)3 1 ≤ q < 2
0 q ≥ 2
(2)
in which αD is a normalization factor whose value is 10/(7pih
2) in two dimensions and 1/(pih3) in three
dimensions. q is the normalized distance between x and x′, defined as q = r/h where r is the Euclidean
distance. It can be found that by using the above kernel function the radius of the support domain Ω is 2h.
The spatial derivatives of the field function can be obtained by replacing f(x) with ∇f(x) in Eq. (1)
< ∇f(x) >=
∫
Ω
∇f(x′)W (x− x′, h)dΩ (3)
Integrating by parts and applying the divergence theorem, it is obtained that
< ∇f(x) >=
∫
S
f(x′)W (x− x′, h)ndS −
∫
Ω
f(x′)∇x′W (x− x′, h)dΩ (4)
where n is a unit vector normal to the domain surface S, and the subscript x′ in ∇x′ indicates that the
derivatives are evaluated at position x′. Owing to the compact support condition, the kernel function W
has zero value on the surface if the whole support domain is located within the problem domain. In that
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case, the surface integration in Eq. (4) vanishes, thus the derivatives of the field function can be computed
as follows
< ∇f(x) >= −
∫
Ω
f(x′)∇x′W (x− x′, h)dΩ (5)
It is an advantage of SPH that the derivatives of the field function can be obtained from the function values
and the derivatives of the kernel function. However, generally, the zero value condition of W in the surface
integral of Eq. (4) cannot be satisfied if the support domain intersects with the boundary of problem domain.
In that circumstance, the value of the surface integral in Eq. (4) is no longer zero. This phenomenon is called
particle deficiency in SPH, which calls for appropriate treatment of boundary condition. The implementation
of boundary conditions will be further discussed in Section 4.2.
As mentioned previously, in SPH the problem domain is represented by particles. The continuous forms
of integral interpolation in Eq. (1) and Eq. (5) can be rewritten as summations of contributions from the
particles in the support domain. Consequently, the SPH approximations of f(x) and ∇f(x) at particle i
are written as
f(xi) =
n∑
j=1
f(xj)Wijmj/ρj (6)
∇f(xi) =
n∑
j=1
f(xj)∇iWijmj/ρj (7)
where n is the number of particles within the support domain, and mj/ρj denotes the volume of material
represented by particle j. In the above two equations W (xi − xj , h) is termed as Wij and the relationship
∇iWij = −∇jWij is used. By applying the aforementioned procedure of particle approximation, the SPH
formulations of partial deferential equations can be derived.
2.2. Discretization of governing equations
The governing equations of soils are continuity equation and momentum equation
dρ
dt
= −1
ρ
∇ · v (8)
dv
dt
=
1
ρ
∇ · σ + g (9)
where ρ is the soil density; v denotes the velocity, σ the stress tensor and g the acceleration caused by body
force, e.g. gravity in most geotechnical problems. In this paper pore pressure in soil is not considered, hence
the stress tensor here is effective stress tensor. Because the hypoplastic model applied in this study does not
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involve density, the continuity equation can be removed from the governing equations [18]. It means that
the density variation is not considered and the particle volume remains constant during simulation.
Considering the term ∇σ/ρ in the momentum equation Eq. (9), following the treatment presented by
Monaghan [8], a symmetric form of the stress gradient can be obtained
∇ · σ
ρ
= ∇ · (σ
ρ
) +
σ
ρ2
∇ρ (10)
By applying Eq. (7) and the above equation to Eq. (9), the momentum equation of particle i becomes
dvi
dt
=
n∑
j=1
(
σi
ρ2i
+
σj
ρ2j
)∇iWijmj + gi (11)
This formula is probably the most commonly used to compute accelerations in SPH, though there are other
variations applied by researchers [13, 22].
3. Hypoplastic constitutive model in SPH
A constitutive equation is imperative to close the momentum equation, that is, we need to compute the
stress tensors in Eq. (11). To this end, the stress tensor is usually divided into two parts, i.e. a hydrostatic
pressure p and a deviatoric stress tensor σ∗ [13, 36]. Usually, the hydrostatic pressure p is computed by
an equation of state from density variation, while the shear stress is computed from a constitutive equation
[13]. In this work, we calculate the stress tensor directly from a constitutive equation without recourse to
the equation of state. A simple hypoplastic constitutive model [34] is adapted to compute the stress rate
from the velocity field.
3.1. Framework of hypoplasticity
In hypoplasticity, the stress rate is assumed to be a non-linear tensorial function of the strain rate and
stress
σ˚ = H(σ, ε˙) (12)
where ε˙ is the strain rate tensor defined as ε˙ = 1
2
[(∇v)+ (∇v)T], and σ˚ is the Jaumann stress rate used for
the sake of objectivity, which is defined by
σ˚ = σ˙ + σω˙ − ω˙σ (13)
in which σ˙ is the stress rate, and ω˙ is the spin tensor defined as ω˙ = 1
2
[(∇v) − (∇v)T]. Compression is
taken to be negative in this paper.
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In hypoplasticity, the constitutive equation (12) is written in two parts, representing respectively re-
versible and irreversible behaviors of soils. Different formulations for H(σ, ε˙) can be found in literature
[25, 29]. The following expression has been used to define a class of rate-independent hypoplastic constitu-
tive models [37]
σ˚ = H(σ, ε˙) = L(σ) : ε˙−N(σ) ‖ ε˙ ‖ (14)
where L(σ) and N(σ) are tensor functions resulting respectively a fourth order tensor and a second order
tensor; ‖ ε˙ ‖=
√
trε˙2 is the Euclidean norm; the colon : denotes an inner product between two tensors.
Usually L andN are constructed by picking out terms from the representation theorem for isotropic tensorial
functions [38]. Owing to the non-differentiable term containing ‖ ε˙ ‖, the constitutive equation (14) is
incrementally non-linear. Concepts like failure surface and flow rule can be derived from the constitutive
equation (14), for details please refer to Wu and Niemunis (1996) [26].
3.2. A simple hypoplastic constitutive equation
In this paper the following specific hypoplastic constitutive equation [34], which is an improvement based
on the constitutive equation proposed by Wu and Bauer [27], is considered
σ˚ = c1(trσ)ε˙+ c2(trε˙)σ + c3
tr(σε˙)
trσ
σ + c4(σ + σ
∗) ‖ ε˙ ‖ (15)
where ci (i = 1, . . . , 4) are dimensionless parameters; tr(·) denotes the trace of a tensor; and σ∗ stands for
the deviatoric stress tensor, defined as
σ∗ = σ − 1
3
(trσ)I (16)
where I is the identity tensor.
In the constitutive equation (15) the stress rate is computed from total stress and strain rate. Apparently
the first three terms in Eq. (15) describe the linear behavior of material and the last term describes the non-
linear behavior. The constitutive equation is homogeneous of the first degree in stress, which means that the
predicted behavior, for example tangential stiffness and shear strength, depends linearly on the stress level.
This can be regarded as a reasonable approximation for small to moderate variation of the stress level in soils.
The four parameters of the specific constitutive equation (15) are easy to determine. They can be identified
with the conventional triaxial test. Alternatively, they can be related to some commonly used parameters
in soil mechanics such as tangential stiffness, Poisson ratio, friction angle and dilatancy angle [27]. In this
paper the hypoplastic parameters are determined from a single triaxial test, considering two specific stress
states, namely, the initial hydrostatic state and the stress state at failure. Four parameters obtained from
the triaxial test are used (with R = σ1/σ3), i.e. the initial tangential modulus Ei = [(σ˙1 − σ˙3)/ε˙1]R=1, the
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initial Poisson ratio νi = [ε˙3/ε˙1]R=1, the failure stress ratio Rf = [σ1/σ3]max and the failure Poisson ratio
νf = [ε˙3/ε˙1]R=Rf . The failure stress ratio Rf and failure Poisson ratio νf can be further related to the
well-established parameters friction angle φ and dilatancy angle ψ in the following way [27]:
Rf =
1 + sinφ
1− sinφ (17)
νf =
1 + tanψ
2
(18)
As a consequence, the four hypoplastic parameters can be computed from four common parameters: the
initial tangent modulus Ei, the initial Poisson ratio νi, the friction angle φ and the dilatancy angle ψ. It
is worth noting that in the context of hypoplasticity the tangential stiffness of material is dependent on
the stress state. Therefore, it is necessary to specify the confine pressure σ3 under which the triaxial test
is performed. In this paper all the parameters are assumed to be obtained from triaxial tests with confine
pressure σ3=100 kPa.
The failure surface calculated from constitutive equation (15) is of the Drucker-Prager type [34], which
is a cone with its apex at the origin of the co-ordinate system. The performance of the adapted hypoplastic
model has been demonstrated in detail in the works by Wu et al [27, 26, 38] and Wang [34], and this model
has been implemented in a finite differential code to solve boundary value problems [34, 39].
3.3. Discretization of hypoplastic model in SPH
As the hypoplastic constitutive equation (15) is already in rate form, its discretization in SPH is quite
straightforward. For a given particle i the stress-strain relationship can be written as
dσi
dt
= ω˙iσi − σiω˙i + c1(trσi)ε˙i + c2(trε˙i)σi + c3 tr(σiε˙i)
trσi
σi + c4(σi + σ
∗
i ) ‖ ε˙i ‖ (19)
where σi, ε˙i and ω˙i are the stress tensor, strain rate tensor and spin tensor at particle i, respectively. The
stress rate tensor is calculated directly from the stress state and strain rate through the above constitutive
equation. When applying Eq. (19), it is not required to split strain tensor into elastic part and plastic
part. Furthermore, complex stress return mapping usually necessary in elastoplastic models is not needed.
Therefore, the hypoplastic model greatly simplifies the numerical implementation in SPH code.
The strain rate and spin tensor at particle i in Eq. (19) are computed from the velocity gradient, which
is obtained from the SPH approximation over particles in its support domain by applying Eq. (7)
∇vi =
n∑
j=1
vj ⊗∇iWijmj/ρj (20)
It is found however, more accurate results can be achieved if the velocity gradient is computed using a
symmetric form [8], by taking the velocity difference between two interacting particles into consideration
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∇vi =
n∑
j=1
(vj − vi)⊗∇iWijmj/ρj (21)
This gives rise to the following SPH discretized formulations of strain rate tensor and spin tensor
ε˙i =
1
2



 n∑
j=1
(vj − vi)⊗∇iWijmj/ρj

+

 n∑
j=1
(vj − vi)⊗∇iWijmj/ρj


T

 (22)
ω˙i =
1
2



 n∑
j=1
(vj − vi)⊗∇iWijmj/ρj

−

 n∑
j=1
(vj − vi)⊗∇iWijmj/ρj


T

 (23)
The hypoplastic equation (15) is mainly developed for cohesionless soils. In practice, however, most
soils show cohesion to some extent. The adapted constitutive model is also able to take cohesion into
consideration by simply replacing the stress tensor σ with the following translated stress tensor [34]
η = σ − cI (24)
where c is the cohesion. With this extension, the discretized stress-strain relationship (19) can be rewritten
as follows
dηi
dt
= ω˙iηi − ηiω˙i + c1(trηi)ε˙i + c2(trε˙i)ηi + c3
tr(ηiε˙i)
trηi
ηi + c4(ηi + η
∗
i ) ‖ ε˙i ‖ (25)
where η∗ is the deviatoric part of the translated stress tensor η.
4. Numerical implementations
4.1. artificial viscosity and artificial stress
In SPH, to stabilize the numerical scheme and alleviate the unphysical oscillations, a dissipative term is
usually incorporated in the momentum equation. The most commonly used form is the artificial viscosity
proposed by Monaghan [10]
Πij =


−αcsφij + βφ2ij
ρ¯ij
, vij · rij < 0
0 , vij · rij ≥ 0
(26)
with
φij =
hvij · rij
‖ rij ‖2 +0.01h2 , ρ¯ij =
ρi + ρj
2
(27)
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where vij = vi − vj and rij = xi − xj ; cs is the artificial speed of sound, which will be further specified in
Section 4.3. It can be seen that the artificial viscosity consists of two terms: the first term associated with
the coefficient α produces a shear and bulk viscosity; the other one, which is associated with coefficient β,
is necessary to prevent unphysical particle penetration in very high speed flows. The appropriate values of
α and β should be tuned in particular problems.
It is widely reported that SPH suffers from the so called ‘tensile instability’ problem. That is, when
the material is in a state of stretching, the particles tend to form small clumps, which eventually results in
unphysical fractures. In material with tensile strength, this tensile instability is usually difficult to detect
because it mimics the process of cracking in many situations. Among the remedies developed to alleviate
this instability, the artificial stress method [36] is one of the most successful techniques and perhaps the
most widely used. This method is an analog to the atomic force, in which a short range repulsive force is
added to the momentum equation when the material is in tensile state. As a consequence, the particles are
prevented from getting too close to each other. In the artificial stress method the additional stress term has
the following form
Sij = f
n
ij(Ri +Rj) (28)
where fij is defined as fij = Wij/W (∆p) and ∆p is the initial particle spacing; the exponential factor n is
taken as n =W (0)/W (∆p). If a constant ratio h/∆p = 1.2 is assumed, for cubic spine kernel the repulsive
force will increase about 11 times as the distance r between two particles decreases from ∆p to 0. The
artificial stress drops rapidly in the range h < r ≤ 2h, which ensures that the correction only takes effect in
the nearest neighboring particles.
The termRi is usually obtained by computing the principal stresses by rotating the Cartesian coordinates
[36]. In this paper we use a simplified expression proposed by Xu [40]
Rmni =


−bσmni
ρ2i
, σmni > 0
0 , σmni ≤ 0
(29)
where Rmni and σ
mn
i are the components of Ri and σi respectively, m and n denote Cartesian components;
b is a positive coefficient. The same method is used to compute Rj .
With the corrections of artificial viscosity and artificial stress, the momentum equation Eq. (11) is
replaced by
dvi
dt
=
n∑
j=1
(
σi
ρ2i
+
σj
ρ2j
−ΠijI + Sij)∇iWijmj + gi (30)
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4.2. Boundary condition
Boundary condition is one of the key aspects in SPH and special attention should be paid to achieve an
accurate representation of them. One of the advantages of SPH is that free surface boundary is satisfied
naturally in its formulations. As to wall boundary, however, the SPH method may suffer from the problem
of particle deficiency. This particle deficiency is induced when the support domain of a particle intersects
with wall boundary, resulting in an underestimated integral interpolation because of the incomplete support
domain. Several techniques have been proposed to deal with it, such as repulsive forces [10], ghost particles
[13] and dummy particles [11].
In the present work, solid boundary is represented by several (usually three) layers of dummy particles,
which either remain fixed or move with pre-described velocities. For each soil particle i, if its support
domain intersects with the boundary, the enclosed dummy particles contribute to the SPH formulations of
velocity and stress gradient like real soil particles, as shown in Fig 1(a). The velocity of a boundary particle
j is directly assigned either zero value or the velocity of the wall boundary vw, representing the fixed wall
condition and the moving boundary condition, respectively. This treatment is a simplification of the method
in [18].
Figure 1: Sketch of two types of solid boundary treatments: (a) dummy particles for non-slip boundary; (b) ghost particles
for free-slip boundary.
Apart from velocities, it is also crucial to assign appropriate stress values to the dummy particles. In
fluid applications, the pressure at a dummy particle is usually computed from density variation. As fluid
particles approaching boundary, the density of a dummy particle increases, resulting in increasing pressure
which acts as repulsive force. This approach is incapable of modeling the solid boundary in our application,
as the evolution of strains is more complex than density. Bui et al [18] assumes a locally uniform distribution
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of stress on the solid boundary. In their treatment, for a given soil particle i, a boundary particle j in its
support domain is assigned the same stress tensor as i. In this way, if the soil particle i approaches the
boundary, all the interacted boundary particles will have the same stress tensor as the soil particle considered.
This treatment gives rise to repulsive forces to prevent soil particles from penetrating the boundary. It is
observed in simulations however, that this approach is insufficient to completely avoid particle penetration,
especially in problems involving fast particle flow. Through numerical investigation, we found that particles
in the state of fast flow usually have very low stress level. In such circumstance, the original boundary
treatment results in very small repulsive forces, which are not large enough to push soil particles away from
the boundary. Based on this observation, we introduce a minor correction into the original method. That is,
all the boundary particles in the support domain of soil particle i are assigned a stress tensor σmax, instead
of the stress tensor σi . The stress tensor σmax is computed by
σααmax =
n
min
k=1
σααk (31)
where σαα is the diagonal components of stress tensor; n is the number of soil particles in the neighborhood
of particle i. The off-diagonal components of σmax are taken as the same as those of σi. Bearing in mind
that compression is taken as negative, obviously that Eq. (31) produces a stress tensor in the state of
compression with relatively large components. This correction gives rise to large enough repulsive force in
boundary particles, thus soil particle penetration can be completely avoided.
The dummy particle method is applied to model non-slip boundary condition. To simulate free-slip
boundary condition, ghost particles are used. As demonstrated in Figure 1(b), if a soil particle i is located
within a certain distance from the boundary, a corresponding ghost particle is placed symmetrically on the
outside of the boundary. The distance is usually taken as kh and in this paper k = 2 is used. At a ghost
particle, all the variables are assigned the same values as at the real soil particle except the velocity. The
velocity tangential to the boundary is kept unchanged as the real soil particle, while the velocity normal
to the boundary is taken as minus of the original value. With this treatment, the requirement of free-slip
condition can be fulfilled.
4.3. Explicit time integration
In SPH, Eq. (19) and Eq. (30) constitute the complete system of equations for numerical simulation.
These equations are solved by integrating in time with a Verlet scheme. In each step, the interactions
between pairs of particles are computed, then the variables at each particle are updated using the following
explicit integration
vn+1i = v
n−1
i + 2∆t
(
dvi
dt
)n
(32)
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xn+1i = x
n
i +∆tv
n
i + 0.5∆t
2
(
dvi
dt
)n
(33)
σn+1i = σ
n−1
i + 2∆t
(
dσi
dt
)n
(34)
εn+1i = ε
n−1
i + 2∆t
(
dεi
dt
)n
(35)
where n− 1, n and n+ 1 denote the time steps. With Verlet scheme the interactions between particles are
computed only once per step. In addition, all the variables are computed at time steps, not half time steps
as in a Leap-Frog integration. This property is helpful for achieving a simple implementation of the time
integration. Similar to other explicit integration schemes, Verlet integration requires a sufficiently small
time step for stability reasons. A variable time step ∆t is calculated using the common CFL condition and
the acceleration term [11]
∆t1 = min
i
(
√
h/ ‖ ai ‖) (36)
∆t = χCFLmin(∆t1, h/cs) (37)
where ai is the acceleration of particle i; χCFL is the CFL number and cs is the artificial speed of sound.
In this work the artificial speed of sound cs is taken as 100 m/s and CFL number χCFL = 0.05 is applied.
This will generate a sufficiently small time step thus the stability of computation can be guaranteed.
5. Numerical examples
In this section, three problems are numerically simulated to demonstrate the performance of the proposed
method. In all simulations, the problem domain is discretized with particles in a regular lattice in which the
particle spacing is ∆p. The smoothing length h is fixed as h/∆p =
√
2 in the computations. The coefficients
of artificial viscosity are chosen by numerical tests, and we find that α = 1.0 and β = 0.1 give rise to stable
and reasonable results in all our simulations. The coefficient of artificial stress is taken as b = 0.3 and
only applied in the slope stability case. Although the continuity equation is not taken into consideration, a
reference density is necessary in the SPH formulations. In this paper ρ0 = 1850 kg/m
3 is used. The material
parameters used in following simulations are listed in Table 1.
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Table 1. Material parameters used in numerical examples.
Numerical test Material constants Hypoplastic parameters
Ei [MPa] νi [-] φ [
◦] ψ [◦] c [kPa] c1 [-] c2 [-] c3 [-] c4 [-]
Oedometer test 21.0 0.2 29.5 1.0 0.0 -58.3 -178.5 -589.0 -182.7
Sand collapse 20.0 0.2 30.0 1.0 0.0 -55.6 -171.2 -540.9 -170.9
Slope stability 30.0 0.2 30.0 0.0 5.0 -83.3 -264.9 -781.3 -255.2
5.1. Oedometer test
An oedometer test with confined radial deformation is considered. The oedometer test has quite simple
boundary conditions, thus analytical solutions can be readily obtained. As a result, it is selected to validate
the implementation of the hypoplastic constitutive model, as well as the whole SPH application.
The simulation is performed under plain-strain condition. A total number of 5000 soil particles are used
to represent an soil column 1 m in height and 0.5 m in width. As shown in Figure 2, the vertical free-slip
boundaries are modeled by ghost particles. The non-slip boundary condition is applied to the bottom and
top cover, which are modeled with dummy particles. In the simulation, the bottom is fixed, while the
top cover moves vertically to reproduce the loading condition. The simulated soil is a cohesionless sand.
Material constants and hypoplastic parameters are given in Table 1. Within the framework of hypoplasticity,
computation cannot start from zero stress level. Therefore, a small hydrostatic pressure −p is assigned to
the soil particles as initial stress. The weight of soil is not considered so the gravity is set to zero. The
computation includes the first loading and the subsequent unloading, which are performed by moving the
top cover downwards and upwards. From the viewpoint of hypoplastic constitutive model, the loading speed
is arbitrary since the constitutive equation Eq. (15) is rate-independent. But for the stability and accuracy
of the SPH computation, the simulation are carried out with a very small loading speed of 1 cm/s.
Figure 3 presents a comparison between numerical results and analytical solutions obtained with two
different initial stress levels. In numerical results, the strains are obtained through dividing the displacement
of the top boundary by the sample height, and stresses by averaging the forces acting on the top boundary
over the cross-area. The analytical solution is obtained by integrating the constitutive equation (15) [27],
with the same boundary conditions. It can be seen that in general the SPH results agree well with the
analytical solutions. The axial tangential stiffness increases gradually along with the loading. From loading
to unloading the drastic change of axial tangential stiffness is well captured. Also, the compressibility varies
with initial stress: starting from a higher initial stress level, the axial tangential stiffness is larger, and the
sand is less compressible. From Figure 3(a) it can also be noted that in the loading process, the simulations
give exact results as analytical solutions; while in the unloading phase, the stresses from numerical solution
are observed to decrease slightly more quickly than they should be. This slight difference may result from
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Figure 2: Model of the oedometer test and the boundary conditions.
the implementation of boundary condition of the top cover.
The earth pressure at rest K0 = σ3/σ1 is an important parameter in many geotechnical engineering
problems. As may be seen from Figure 3(b), in loading the stress path is a straight line, indicating a
constant K0. The value of K0 in loading is about 0.51 according to the figure. Analytically, Wu and Bauer
gave a method to calculate the K0 using the parameters ci (i=1, ..., 4) in the hypoplastic constitutive model
proposed in [27]. With a similar procedure, the following algebraic equation is formulated to calculate the
K0 in the oedometer test when constitutive equation (15) is used
(6c1 + 2c4)K
2
0 + (3c1 − c4)K0 − c4 = 0 (38)
Substituting the parameters ci (i=1, ..., 4) into the equation above and solving it, we obtain K0 = 0.5109,
which is in good agreement with the SPH simulation. Note that in unloading the axial stresses decrease more
rapidly than the radial stress, which gives rise to an increase of K0. This observation is well corroborated
by experimental results on soils [41]. The comparison between numerical results and analytical solutions
shows that the SPH gives generally accurate results.
5.2. Collapse of sand
The collapse of granular material on a flat surface has been studied experimentally and numerically
[21, 42, 43, 44]. This problem with well defined initial and boundary condition is helpful for understanding
the physics of gravity-driven granular flow. Moreover, it serves also as a benchmark for numerical methods.
In this section, the capacity of the proposed SPH approach is examined by comparing the simulation with
the experiment data.
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Figure 3: Comparison of numerical results and analytical solutions on oedometer test at different initial stress levels: (a) axial
strain vs. axial stress; (b) radial stress vs. axial stress.
Figure 4: The geometry of initial configuration and final deposit in sand collapse problem.
There are two kinds of set-up of the experiment: axisymmetric [42] and two-dimensional [43]. The
two-dimensional experiment is simulated in this work. The set-up of the problem is shown in Figure 4. A
rectangle of sand between two parallel plates is confined by gates and remains static. During experiment
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the gates are opened and the sand is released. As shown in previous studies, the aspect ratio a = hi/di
determines the collapse mode. Following the set-up in Figure 4, a two-dimensional simulation has been
performed under plain strain condition. Initially a K0 stress state is assigned to the particles of the granular
at rest. Non-slip boundary condition is applied to model the bottom surface by using dummy particles. The
problem is simulated numerically by applying gravity loading and then marching forward in time. In the
simulation the initial particle spacing is ∆p = 2 mm and the initial width is di = 0.2 m. Previous numerical
investigations [21, 44] are mainly focused on the influence of aspect ratio a on the mode of collapse process.
In this work, our major aim is to validate the numerical approach. To this end, the simulation is carried out
on a single aspect ratio a = 0.5, which is in the low aspect range according to previous experiments [43].
As a consequence, the initial height hi is 0.1 m. The number of the soil particle used in the simulation is
about 10000. The hypoplastic parameters and corresponding material constants are given in Table 1. This
chosen material property corresponds to the sand in the experiments by Lube et al [43].
Figure 5 shows the simulated profile of the sand sample at different times after the release. It can be
seen that the large deformation and moving free surface are well described in the simulation. The simulated
collapsing agrees well with the collapse process in the experiment with the same aspect ratio [43]. At first
there is a discontinuity in the collapse surface. After a while this discontinuity disappears and a parabolic
surface is formed. There exists a slip plane above which the particles move and below which particles are
generally at rest. In the final deposit a parabolic surface profile is obtained. The apparent angle of repose
is less than the friction angle φ of the material. However, the maximum inclination, which is observed near
the top of the slope, is estimated to be approximately equal to the friction angle. This phenomenon is also
found by other researchers in experiments [18, 43] and numerical simulations [18, 44]. According to the
experiments [43], for a < 1.8, the final run-out d∞ can be estimated through (d∞ − di)/di = 1.6a. For
the set-up in our simulation the run-out according to this simple relationship is about 36 cm. The run-out
obtained from numerical simulation, however, is about 40 cm. This discrepancy has also been reported by
Chen and Qiu [21], who also provided an explanation for it. While the simulation is obtained with a two
dimensional model, the real behavior is three dimensional. Nevertheless, our SPH simulation gives rise to
smaller discrepancy than the two dimensional simulation in [21].
The performance of different boundary treatment methods is also investigated. Figure 6 presents the
simulation results using different methods to assign stresses to the boundary particles. Results in Figure
6(a) is obtained by using our boundary treatment presented in Section 4.2, while results in Figure 6(b) is
obtained by using the boundary treatment in [18]. Note that there is no particle penetration when the
σmax correction is applied. On the other hand, the original treatment of boundary gives rise to particle
penetration. Moreover, the penetrating particles disturb the movement of other nearby soil particles, which
pollutes the computation in the neighboring area and results in highly disordered particle distribution. As
can be seen in Figure 6(a), the new technique gives rise to a relatively uniform particle distribution near the
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Figure 5: Collapse process of sand with aspect ratio a=0.5 (unit: m).
boundary, which means that more accurate simulations can be achieved.
The stress and strain distributions in the final deposit are shown in Figure 7. The horizontal and vertical
stresses increase almost linearly with depth, and are consistent with stresses in a confined column of sand
subjected to gravity. Along the center line, the stresses are identical to the initial values before collapse,
owing to the fact that the height in this area is not changed in the computation. Regarding the shear stress,
there are two areas with relatively large value, locating near the initial toes. This is also expected, because
the materials at the toes tend to move side-wards but are confined by the non-slip boundary, hence shear
stresses develop in these areas.
Figure 6: Comparison of boundary treatment methods: (a) boundary particle with stress tensor σmax; (b) boundary particle
with the same stress tensor as the considered soil particle.
To illustrate the deformation pattern, the equivalent strain εeq =
√
2/3ε∗ : ε∗ is plotted in Figure 7(d),
where ε∗ is the accumulated deviatoric strain defined as ε∗ = ε− (trε/3)I. It can be seen that the trapezoid
region in the middle is undeformed. The collapse occurs along a failure surface above which particles flow
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Figure 7: Stresses and equivalent strain at final deposit: (a) horizontal stress σxx; (b) vertical stress σzz ; (c) shear stress σxz ;
(d) equivalent strain εeq.
down, and below which particles remain at rest. In experiments [43], this failure surface is observed to
start from di at the bottom with an inclination of about 61
◦ to the horizontal at the early stage of the
collapse. The inclination of the failure surface deceases as the collapse develops in experiments, however,
the final inclination is not given there. This flow pattern can also be observed in numerical simulation. The
distribution of particles at the right part of the sand sample at t = 0.05 s in the simulation is shown in
Figure 8, where a discontinuity point on the upper surface can be clearly observed. The inclination of the
line connecting this discontinuity and the initial toe is about 65◦. Below this line the particles remain at
rest except some particles near the bottom. This failure line gradually propagates towards the left during
the simulation and eventually reaches its final position, which has an inclination of about 45◦. This failure
mechanism is qualitatively corroborated by the experiments.
Figure 8: Right part of the sand body at t = 0.05 s with initial failure surface (dash line) and final failure surface.
5.3. Safety factor and failure of a homogeneous slope
The proposed method is further validated by evaluating the safety factor of a homogeneous slope and
simulating the subsequent failure process. In slope stability analysis, the so called shear strength reduction
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technique is usually applied to evaluate the safety [45]. In the strength reduction technique, the shear
strength (friction angle and cohesion) is reduced by a reduction factor until slope failure occurs. The safety
factor is defined by this reduction factor. Usually, a systematic search is performed to find the reduced
shear strength at which slope failure occurs, most commonly with FEM. In this section, the proposed SPH
approach is applied to search for the safety factor. Afterwards, we look at the post-failure movement. Results
from SPH with hypoplastic and elastoplastic models and FEM with elastoplastic model are compared.
Figure 9: Geometry and boundary conditions of the slope.
The geometry and boundary condition of the considered slope is shown in Figure 9. The slope is assumed
to consist of cohesive soil with the material parameters listed in Table 1. The friction angle φ and the cohesion
c are the two shear strength parameters subjected to strength reduction. In the searching process, the actual
shear strength is reduced by a factor f , i.e.
cf = c/f (39)
φf = φ/f (40)
The reduced shear strength parameters are then used to compute the corresponding hypoplastic parameters
by the procedure given in [27]. Note that the failure criterion used in FEM does not apply here, because
SPH simulation can always continue at any reduction factor. We proceed to defined the initiation of slope
failure by looking at the maximum displacement during a specified time duration [19]. If under a reduction
factor the slope keeps stable, the maximum displacement should remain unchanged at a relatively small
value after a initial increase. On the other hand, if failure develops, the maximum displacement cannot
converge to a small and stable value.
To start with, we employ a rough and straightforward search scheme. Starting from 1.0, the reduction
factor f is increased by a step size of 0.1 in each calculation, which corresponds to a real time step of 0.5
second. If the maximum displacement remains small and stable in this time step we move to the next
calculation with an increased reduction factor, until finally a large increase of maximum displacement is
observed, which means the point of failure is reached. As a result, the reduction factor applied in the last
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computation is assumed to be the safety factor. It is worth noting that the failure criterion in SPH is not
clearly defined as that in the FEM. There still calls for more objective failure criterion.
The considered slope is discretized by 9000 particles placed in a lattice with particle spacing ∆p = 0.1 m.
As the problem is solved dynamically in SPH, the initial condition is very important for the numerical
simulation. The soil self-weight is applied by gravity loading [20]. With the help of a damping term,
the stress fluctuations induced by the abruptly enforcing of gravity dissipate with time, and the particles
eventually reach an equilibrium state. The original (unreduced) shear parameters are used when computing
the initial stresses. Figure 10 presents the distribution of the initial stresses by gravity loading. The stress
distributions are similar to the results obtained by FEM through static loading, which is not shown here.
The stresses in Figure 10 are used as initial stresses for all calculations.
Figure 10: Distribution of initial stresses obtained through SPH: (a) horizontal stress σxx; vertical stress σzz ; (c) shear stress
σxz .
First a SPH simulation with hypoplastic model is performed. The above described searching procedure is
performed, and the safety factor fs of the slope is found to be 1.9. This means that the slope becomes unstable
for the shear parameters of φ = 15.8◦ and c = 2.63 kPa. Figure 11 shows the development of maximum
displacement with time under different reduction factor f . For f = 1.8 the maximum displacement of the
particle system remains very small, while a rapid increase of displacement is observed after some time when
the reduction factor f is 1.9, indicating the initiation of slope failure. For reduction factors larger than 1.9,
e.g. 2.0, the maximum displacement increases even more quickly. Obviously, a more accurate safety factor
between 1.8 and 1.9 can be obtained if the step size is refined. The failure process depicted by equivalent
strain is shown in Figure 12. The propagation of the shear band from the crest to the toe of the slope can
be clearly observed. The progressive failure process is well captured by the SPH. In the SPH calculations
the thickness of shear band is mainly dictated by the particle spacing ∆p and smoothing length h. For
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real-world problems however the shear band thickness is an intrinsic material property [46, 47, 48]. In the
FEM, the thickness of shear band is modeled by either higher order constitutive equation [49], re-meshing
[50] or embedded discontinuity [51].
Figure 11: Change of maximum displacement under different reduction factors.
Figure 12: Development of failure surface depicted by total equivalent strain with reduction factor f=1.9.
Using the same geometry and boundary conditions, a SPH simulation with Drucker-Prager (D-P) elsato-
plastic model is performed. Our implementation of the D-P model follows the method proposed by Bui et
al [19]. The obtained safety factor is 2.0, suggesting a safety factor between 1.9 and 2.0 if refined search is
performed. The progressive failure modes in the two SPH simulations are similar. With the same material
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constants, a safety factor fs=1.94 is obtained by FEM with the D-P model. The FEM result is in good
agreement with SPH result using the D-P model, while produces a larger safety factor than that obtained
using hypoplastic model. The failure surfaces obtained from the three simulations are given in Figure 13.
It can be observed that the hypoplastic model gives rise to shallower failure surface and smaller slide body
than that given by the D-P model, while the failure surfaces obtained from SPH and FEM using the D-P
model are almost the same.
Figure 13: Failure surface depicted by total displacement (a) SPH with hypoplastic model; (b) SPH with D-P model; (c)
FEM with D-P model. Note that the colored legend only applies to the SPH results, because the FEM simulation cannot give
rise to such large displacement.
For problems with large deformation, however, SPH has definite advantage over FEM. This can be
demonstrated by looking at the post failure movement of the slope. A SPH simulation with the hypoplastic
model under the reduction factor of 1.9 is performed to model the whole failure process of the slope from the
failure initiation to fully developed flow. The evolution of slope failure follows similar pattern as in Figure
12. The slope shows progressive failure with shear band starting from the slope crest and propagating to the
slope toe. Once a continuous slip surface is formed, the soil mass above the slip surface slumps downwards
until a new equilibrium position is reached. The slope slump is usually characterized by large deformation.
Figure 14 shows the slope slump from the SPH calculation, together with the original profile of the slope.
The large deformation seems reasonably captured by the SPH method. If an equilibrium position cannot be
reached immediately after slumping, slope failure may further develop to debris flow. In this case, the SPH
offers an appealing alternative to the FEM to avoid excessively skewed mesh.
Figure 14: Total displacement and final deposit of the slope after failure.
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6. Conclusions
We have implemented a hypoplastic constitutive model in a SPH code for the first time. The hypoplastic
model is characterized by its simple formulation and few parameters. The fact that the model is formulated
in rate form without decomposing the strain rate into elastic and plastic part renders itself particularly
appealing for numerical implementation. The SPH code is validated by three boundary value problems,
where the numerical results from SPH are compared with analytical solution, experimental data and the
FEM. For problems with large deformation the SPH offers an attractive alternative approach to the FEM.
However, the scale problem, e.g. the thickness of shear band, which gives rise to spurious mesh dependence
in conventional FEM, remains to be addressed in the SPH. In principle, this can be resolved by choosing
appropriate particle space ∆p and smoothing length h, which has in turn impact on the computational time.
A further issue is concerned with the time scale. For problems of slope failure, the time in the post failure
analysis is mainly dictated by gravitation. For problems with large deformation, e.g. debris flow, the viscous
behavior need be considered in the run-out analysis. The relevant research is ongoing and the result will be
reported in a forthcoming publication.
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